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Abstract
The recent LIGO observation sparked interest in the field of gravitational wave signals. Besides
the gravitational wave observation the LIGO collaboration used the inspiraling black hole pair to
constrain the graviton mass. Unlike general relativity, f(R) theories have a characteristic non-zero
mass graviton. We apply the constraint on the graviton mass to viable f(R) models to find the
effects on model parameters. We find it possible to constrain the parameter space with the gravity
wave based observations. We make a case study for the popular Hu-Sawicki model and find a
parameter bracket. The result generalizes to other f(R) theories and can be used to contain the
parameter space.
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I. INTRODUCTION
The recent observation of gravitational waves [1] confirmed the hundred years ago pre-
dicted gravitational waves. In the early years of general relativity different models for
gravitation were considered as well. For a long time these alternatives to general relativity
were little more than a curiosity as the observations of that time did not call for anything
else. Many of these modified theories of gravity were ruled out for theoretical reasons but
others remained viable.
Cosmic microwave background [2] and supernova observations [3, 4] lead to the discovery
of accelerating expansion of the Universe. It can be argued that this discovery and a growing
body of observations lead to a renaissance in cosmology. The accelerated expansion could be
explained with the cosmological constant, but there are some fundamental problems with the
cosmological constant [5] and the ΛCDM or concordance model [6]. Therefore, the modified
gravity theories which received little interest for decades have become relevant once again.
The f(R) theories (see e.g. [7, 8] for reviews), or fourth order theories, which generalize
the Einstein Hilbert Langrangian to be a function of the curvature scalar, have received
considerable attention in the 21st century. In [9] it was shown that the accelerating expansion
could be explained with a f(R) modification. Since then, more viable models have been
proposed (e.g. [10–15]).
In standard general relativity the graviton, which mediates the gravitational force, has a
zero mass. In order to give graviton a mass some generalization is needed, namely taking
a set background metric [16]. General relativity is a unique theory given a certain set of
postulates1 and the path of least change is fixing the background metric.
It is possible to add a term to the Einstein Hilbert action causing a massive graviton
[16, 17]. There are a number of different terms that produce a massive graviton but most of
these fail to reach the correct Newtonian limit [18, 19]. However, while in general relativity
the graviton naturally has a zero mass, this is not the case for f(R) gravity [7].
In f(R) gravity the graviton has a priori a non-zero mass. As the f(R) theories are ex-
plicitly higher order theories, this in not in contradiction with the demands of constructing
a massive graviton for general relativity. The higher order contribution in the field equa-
tions adds up to effective graviton mass term. This link between graviton mass and model
dependence can be converted into boundaries for viable f(R) models.
Solar system observations have set several bounds on the mass of the graviton. As the
dynamics of the solar system are found to follow general relativity extremely closely, these
bounds are rather stringent. If the Newtonian potential is modified with the graviton mass,
1 A metric theory with field equations of linear second order in derivatives, satisfies the Newtonian weak
field limit and does not depend on any prior geometry.
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the Kepler laws produce a limit for the Compton wavelength of the graviton [20, 21]. As the
Compton wavelength is related to the mass [22] via λg = h/mgc this translates to a bound
on graviton mass.
Inspiraling binaries are a known source of gravitational waves and a possibility to commit
graviton mass measurements [20, 21, 23]. Before the LIGO experiments the graviton mass
has been bounded by binary pulsars [17] instead of a pair of black holes. Assuming a
non-zero mass mg graviton would cause the gravitational potential to be of the Yukawa
form r−1e−mgrc/h. The exponential dependence would cause a cut-off of the gravitational
interaction at large distances, namely larger than the Compton wavelength. Such a cut-off
has not been observed in the solar system [20] or galaxy clusters [24]. Therefore, these
observations set an upper limit for the mass of the graviton mg.
The galaxy cluster limits for the graviton mass are the most stringent ones with mgc
2 <
2× 10−29eV [24], but are model dependent regarding e.g. dark matter assumptions. These
are not directly applicable to f(R) theories as they modify the effects and need of dark
matter [25–28]. For the time being, the best model independent bounds for the graviton
mass are those from the recent LIGO observations mgc
2 < 1.2 × 10−22eV [22]. If a super
massive black hole binary is detected in the future, it could introduce a several orders of
magnitude more stringent limit [23]. The gravitational wave based bounds arise from the
dynamics of gravitation and as such are model-independent.
In the following we will examine the naturally occurring graviton mass in the f(R).
There have been several studies into constraining f(R) theories with both theoretical and
observational means (e.g. [8, 29–34]). With the recent LIGO upper limit on the graviton
mass we can further constrain the model parameters of viable f(R) theories such as the
Hu-Sawicki model [10].
II. EQUATIONS OF MOTION
In the following we derive the equations of motion describing gravitational waves and
graviton mass arising from the f(R) contribution. We examine a f(R) modified gravitational
action2
A = 1
2χ
∫
d4x
√−g
(
f(R) + 2χLm
)
, (1)
where χ = 8piG
c4
is the coupling of gravitational equations. The latter term Lm is the mini-
mally coupled matter Lagrangian. Following standard metric variational techniques we find
2 The signature of the metric is −,+,+,+, the Riemann curvature tensor is Rαβµν = ∂µΓαβν − ∂νΓαβµ +
ΓακµΓ
κ
βν − ΓακνΓκβµ and the Ricci tensor is Rµν = Rαµαν .
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the field equations and the trace equation
f ′(R)Rµν − 1
2
f(R)gµν −∇µ∇νf ′(R) + gµνf ′(R) = χTµν (2)
3f ′(R) + f ′(R)R− 2f(R) = χT, (3)
where Tµν = − 2√−g δ
√−gLm
δgµν
is the energy-momentum tensor and T = T αα . The prime is used
to denote the derivatives with respect to R. We study the linear perturbations hµν and write
gµν = g˜µν + hµν , (4)
where g˜µν is the background metric. In general we use tilde to denote the quantities calcu-
lated with the background metric. The Ricci tensor and scalar can be expanded around the
background as
Rµν ≃ R˜µν + δRµν +O(h2), (5)
R ≃ R˜ + δR +O(h2). (6)
As the first derivative of f(R) appears in the equations of motion, we need an expansion for
this function as well, i.e. f ′(R) ≃ f ′(R˜) + f ′′(R˜)δR+O(4). This expansion can be plugged
into (3) for
f ′′(R˜)(3δR + R˜δR)− f ′(R˜)δR = 0. (7)
As we are primarily interested in the propagation of gravitational waves in empty space, we
set Tµν = 0. The variations of the Ricci tensor and scalar can be written in terms of the
metric perturbation hµν (e.g. [35])
δRµν =
1
2
(
∇µ∇νh−∇µ∇λhλν −∇ν∇λhµλ +hµν
)
, (8)
δR = δ(gµνRµν) = h−∇µ∇νhµν − R˜µνhµν . (9)
As the case is gauge invariant we fix the gauge to be the harmonic gauge with
∇µhµλ =
1
2
∇λh, (10)
which further implies ∇µ∇νhµν = 12h.
For a viable f(R) theory to have a de Sitter solution, the background equations of (2)
and (3) for empty space, f ′(R˜)R˜ = 2f(R˜) and R˜µν = gµν
f(R˜)
2f ′(R˜)
, must hold. Using these
equalities and the harmonic gauge we find
3f ′′(R˜)2h−
(f(R˜)f ′′(R˜)
f ′(R˜)
+ f ′(R˜)
)
h +
(
f(R˜)− 2f
2(R˜)f ′′(R˜)
f ′2(R˜)
)
h = 0. (11)
4
The graviton dispersion relation k2 = −m2g reveals that the plane wave solution h ∼ eik·x
fulfills h = m2gh. Therefore, we can write
3f ′′(R˜)m4g −
(f(R˜)f ′′(R˜)
f ′(R˜)
+ f ′(R˜)
)
m2g +
(
f(R˜)− 2f
2(R˜)f ′′(R˜)
f ′2(R˜)
)
= 0, (12)
for non-zero perturbations. Thus we obtain two solutions for m2g
m21 =
f ′2(R˜)− 2f(R˜)f ′′(R˜)
3f ′(R˜)f ′′(R˜)
, (13)
m22 =
1
2
R˜, (14)
which tell us the perturbations of the metric can be written as a linear combination
hµν = h
(1)
µν e
ik(1)·x + h(2)µν e
ik(2)·x, (15)
where the quantities h
(i)
µν and k
(i)
µ are the metric perturbation and four-momentum related
to the corresponding solution mi.
We have found two physically viable solutions for a non-zero graviton mass. The first
solution (13) resembles the stability criterion of [36, 37]. Basically this criterion tells us,
that the square of the graviton mass must not be negative. The mass is often derived with
the well-known f(R) theory scalar-tensor theory equivalence [38–40]. This solution is not
available when f ′′(R) = 0, such as in the case of GR.
The second solution (14) does not depend on f ′′(R) and would hold even for GR. This
solution is related to having δR = 0 in (7). In the case of empty space GR we would
have R˜ = 0 and m2 = 0 as is to be expected. Clearly, there is a well-behaved GR limit,
f ′′(R) → 0, for the second solution. Since for this solution δR = 0, in the situation R˜ = 0
the perturbation of the metric would be simply
δR ∼ h(1)µν eik
(1)·x (16)
and only the scalar modes would manifest. Therefore, m2 solutions do not effect scalar
perturbations while the tensor perturbations are affected by both the solutions.
For the first solution, the GR limit is problematic as it diverges as f ′′(R) → 0. This
reveals an interesting fact that even though f(R) models have to closely resemble GR, it
cannot be infinitely close. This can be compared to the result of the forbidden Higuchi
mass range of the graviton [41–43]. We also notice that the second solution is extremely
small with m2 ∼
√
Λ, which easily passes all constraints on graviton mass. Therefore, our
attention concentrates on the first solution, which can be constrained. It is unknown which
mass state of gravitons inspiraling black holes would emit. Mergers in f(R) gravity would
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need to be studied further to be able to distinguish between these two. To our knowledge,
such studies have not yet been conducted.
Another, often overlooked, fact is that for GR with Λ, f(R) = R + Λ, we would have a
non-zero graviton mass, m22 = 2Λ. This is due to relaxing the assumptions of GR [16]. Even
though this is mathematically clear, the physical consequences are debatable, see e.g. [44]
and references therein for discussion.
For the case of f(R) gravity, there is the extra scalar degree of freedom like with the
cosmological constant. A massive graviton always implies extra degrees of freedom. Due to
the added degrees of freedom, the gravitational waves with Λ or f(R) are different to those
caused by plain GR. However, this does not affect the relation to observations.
The LIGO observations provide a lower limit for the Compton wavelength of the graviton
[1]. A finite Compton wavelength in general, would translate to a massive theory and
therefore, extra degrees of freedom. The measurements detect perturbations of the metric,
hµν , which can be written as a linear combination of the modes associated with masses (13)
and (14). It is not known, what is the ratio of these two modes caused by the black holes
but the total contribution is constrained.
In the following, we shall take a closer look at specific models and use the Hu-Sawicki
model as a case study to demonstrate the procedure.
III. VIABLE f(R) MODELS AND GRAVITON MASS CONSTRAINTS
There have been numerous studies to constrain viable f(R) models [10, 30, 45]. The most
stringent bound with R˜ is
|f ′(R˜)− 1| < 4× 10−7, (17)
constraining the parameters of the f(R) function. Here, and for the rest of the paper
we assume natural units. With the graviton mass we can find another bound for these
parameters.
The popular Hu-Sawicki model [10] is constructed to evade the solar system tests and
produce the observed late-time cosmology. A truly viable model needs to fulfil the high
curvature regime constraints as well as provide the accelerated expansion of the Universe,
which appears at low curvature regimes. The Hu-Sawicki model is of the form
f(R) = R− µRc
(
R
Rc
)2n
b
(
R
Rc
)2n
+ 1
, (18)
with µ, Rc, b positive constants and n ∈ N. Inserting this into the de Sitter criterion,
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R˜f ′(R˜)− 2f(R˜) = 0, we can solve for b
b± = −1 + µ±
√
µ(µ− 2n). (19)
As the action must be real, b must have a real value as well. This leads to a constraint
µ > 2n. The constant Rc is a free scaling parameter and for simplicity we have chosen
Rc = R˜. The bound (17) translates to
|f ′(R˜)− 1| = 2nµ
(1 + b±)2
< 4× 10−7 (20)
For b− we have
|f ′(R˜)− 1| = 2nµ
(µ−√µ(µ− 2n))2 =
2n
µ
(
1−
√
1− 2n
µ
)2 < 4× 10−7. (21)
With the condition µ > 2n the square root can be expanded as a series. This results in
|f ′(R˜) − 1| ∼ µ < 10−7 which is in clear contradiction with µ > 2n. Therefore we must
choose b = b+, for which we find
2nµ
(µ+
√
µ(µ− 2n))2 ∼
2nµ
4µ2
=
n
2µ
< 4× 10−7 (22)
when µ >> 1. This further translates to µ > 106. Here we have assumed n ∼ 1. For viable
models this is a reasonable assumption [8]. In any case the maximum effect of n is one
magnitude for viable models. As µ >> 1 we can write the square of the graviton mass as a
series of x = 1/µ
m2g = R˜
( 2
3n(1 + 2n)x
− 2n(5 + 2n)
3(1 + 2n)2
x
)
+O(x2). (23)
Therefore, we have nm2g/R˜ ∼ µ. As the gravitational wave observations set an upper limit
for the graviton mass we find a upper limit for µ as well. We can write the relation of the
background curvature to the cosmological constant as R˜ = 4Λ. Using the density parameter
ΩΛ we can also write
Λ = 3H20ΩΛ, (24)
where H0 is the Hubble parameter. Using the Planck collaboration results [46] and the
LIGO results, we can now constrain the parameter µ in Hu-Sawicki models (again assuming
n ∼ 1)
1020 > µ > 106. (25)
We can see now, that the model is contained to a certain bracket, which is yet too
constraining. However, with further more accurate measurements it is possible to further
narrow down the bracket. As the gravitational wave constraints are independent of e.g.
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solar constraints, these offer valuable proof to the limits of f(R) and scalar tensor gravity
as well.
It is also interesting to notice, that the galaxy cluster limit for the graviton mass is 7
orders of magnitude tighter than the LIGO limit. If we could apply this limit, the upper limit
would be of the same order as the lower limit, causing severe fine-tuning issues. However,
we stress that the model dependent galaxy cluster result cannot be used directly with f(R)
theories.
Similar procedures can be subjected to other f(R) models as, such as the Starobinsky
model [11], which is described by
f(R) = R + λR0
((
1 +
R2
R20
)−n − 1). (26)
with λ and R0 positive constants and n ∈ N. For the Starobinsky model, we can follow
similar procedures to find 10−20 < λ < 10−8 with the similar assumption n ∼ 1. In a similar
manner constraints could be found on any other viable model as well.
IV. DISCUSSION
We have studied f(R) theories and the naturally emerging massive graviton. With bounds
on the graviton mass produced by the gravitational wave observations it is possible to
constrain f(R) theories. As a case study, we concentrate on the Hu-Sawicki model. For
this model we find an upper limit for the free parameter in addition to the lower limit
previously presented in the literature. While the free parameter bracket is still wide, it tells
a story of fine-tuning. As the massive graviton is characteristic of f(R) theories and massive
Brans-Dicke theories, the viability of these models is more and more under question.
The same procedure can be subjected to other f(R) theories as well. As there is a known
connection between f(R) gravity and scalar-tensor gravity (e.g. [47]), these theories are also
a possible target for application.3.
The LIGO measurement accuracy is expected to rise in the future [1, 48] with the con-
struction of additional measuring stations. As these are likely to bring down the upper limit
for the graviton mass, the bracket found for the free parameter for the Hu-Sawicki model is
bound to narrow down even further.
Space-based detection of gravitational waves in the future with eLISA or similar programs
are expected to give constraints on the graviton mass [49–51]. Single observations with the
space-based devices are expected to reach a two magnitudes more precise measurement than
3 The equivalent Brans-Dicke theories have a massive graviton as well. However, this is not the case of all
Brans-Dicke theories.
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the LIGO. However, as the there are multiple events during the mission, the total accuracy
is expected to be 3 orders magnitude better. This will lead to a considerably tighter bracket
for viable f(R) models.
Related to these limits, besides other things, detection of a non-zero graviton mass would
have far-reaching consequences for f(R) theories and naturally GR itself. As the f(R)
models predict a massive graviton, the detected mass would further fine-tune the possible
parameter space. On the other hand it would spell disaster for standard GR and emphasize
the need for modified gravity.
Another possibility would be to use the so-far model dependent graviton mass constraints
from galaxy clusters. In order to achieve this, the effects of modified gravity on dynamics
and dark matter assumptions have to be carefully considered. As these model dependent
limit a far tighter than the LIGO limits, they could provide far more stringent constraints
and even rule out theories considered viable.
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